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Abstract
Let K ⊂ Rn be a convex body (a compact, convex subset with non-empty interior), ΠK its projection
body. Finding the least upper bound, as K ranges over the class of origin-symmetric convex bodies, of
the affine-invariant ratio V (ΠK)/V (K)n−1, being called Schneider’s projection problem, is a well-known
open problem in the convex geometry. To study this problem, Lutwak, Yang and Zhang recently introduced
a new affine invariant functional for convex polytopes in Rn. For origin-symmetric convex polytopes, they
posed a conjecture for the new functional U(P ). In this paper, we give an affirmative answer to the conjec-
ture in Rn, thereby, obtain a modified version of Schneider’s projection problem.
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1. Introduction
Since 1980s, projection bodies have received considerable attention [5,6,19,24,25]. A num-
ber of important results regarding projection bodies had been proven, especially, many excellent
results for intersection bodies, being called analogues of projection bodies, mixed projection bod-
ies have been established by Lutwak and his collaborators during the past two decades [8–14,
16,17]. New applications have appeared in combinatorics, stereology, stochastic geometry [22].
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information about a geometric object is gleaned from knowledge of its projections onto hyper-
planes or its cross-sections by planes.
The most celebrated inequalities concerning projection bodies are the Petty projection in-
equality and the Zhang projection inequality:
1
nn
(
2n
n
)
 V (Π∗K)V (K)n−1 
(
ωn
ωn−1
)n
, (1)
where V is used to abbreviate voln, Π∗K is the polar of the projection body ΠK of K . The
right-hand inequality, together with the equality condition characterizing ellipsoids, was proved
by Petty [18]. The left-hand inequality in (1) was proved by Zhang [27] (see [1,7,28] for gener-
alizations); here equality holds if and only if K is a simplex. Furthermore, the Lp-analog of the
Petty projection inequality has obtained recently by Lutwak, Yang and Zhang in [16] (see [4] for
an alternate proof).
The outstanding unsolved problems concerning the volume of projection bodies are Petty’s
conjecture and Schneider’s conjecture:
ωnn−1
ωn−2n
 V (ΠK)/V (K)n−1  c. (2)
The left-hand inequality, together with the equality condition characterizing ellipsoids, was con-
jectured by Petty [18]. The best upper bound on the right-hand inequality in (2), being restricted
to centrally symmetric convex bodies, was conjectured by Schneider that c = 2n characterizing
parallelotopes. See [15,23–25]. In [23], Schneider also presented applications of such results in
stochastic geometry. However, a counterexample was produced in [2] to show that this is not the
case. The best upper bound is still unknown.
Recently, in [17], Lutwak, Yang and Zhang introduced the affine functional U(P ) defined on
a convex polytope, P , in Rn (that contains the origin in its interior), by
U(P )n = 1
nn
∑
ui1∧···∧uin =0
hi1 · · ·hinai1 · · ·ain, (3)
where u1, . . . , uN are the unit outer normals to the faces of P , and the face with outer normal
ui has area (i.e., (n − 1)-dimensional volumes) ai and distance to the origin hi . The reason that
the functional U is so important is that for a random polytopes U(P ) is very close to V (P ), the
volume of P . In [17] the following fundamental inequality between U and V was conjectured:
If P is an origin-symmetric convex polytope in Rn, then
U(P ) (n!)
1/n
n
V (P ),
with equality if and only if P is a parallelotope. In this paper we establish this conjecture. We
will prove the following theorem.
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U(P ) (n!)
1/n
n
V (P ), (4)
with equality if and only if P is a parallelotope.
Lutwak, Yang and Zhang in [17] presented a modified version of Schneider’s conjecture that
has an affirmative answer. They proved the following important theorem.
Theorem 1.2. Suppose K is an origin-symmetric convex polytope in Rn, then
V (ΠK)
U(K)n/2V (K)n/2−1
 2n
(
nn
n!
)1/2
, (5)
with equality if and only if K is a parallelotope.
By Theorems 1.1 and 1.2, we have
Theorem 1.3. Suppose K is an origin-symmetric convex polytope in Rn, then
V (ΠK)
U(K)n−1
 2n n
n−1
(n!)(n−1)/n , (6)
with equality if and only if K is a parallelotope.
Theorem 1.3 can be seen as a modified version of Schneider’s projection conjecture.
This paper, except for the introduction, is divided into two sections. In Section 2 we will give
some notations and background materials. We will give the proofs of main theorems in Section 3.
2. Notations and background materials
The setting for this paper is n-dimensional Euclidean space Rn (n 2). Let Kn denote the set
of convex bodies (compact, convex subsets with non-empty interiors) in Rn. Let Kno denote the
subset of Kn that contains the origin in its interior. Let B be the unit ball centered at the origin.
The surface of B is Sn−1. For u ∈ Sn−1, α ∈ R, let Hu,α denote the hyperplane:
Hu,α =
{
x ∈ Rn ∣∣ x · u = α},
we say that u is a normal vector of Hu,α . The hyperplane Hu,α bounds the two closed halfspaces
H−u,α =
{
x ∈ Rn ∣∣ x · u α}, H+u,α = {x ∈ Rn ∣∣ x · u α}.
We denote by V (K) the n-dimensional volume of convex body K . Let h(K, ·) :Sn−1 → R,
denote the support function of K ∈Kn; i.e.,
h(K,u) = max{u · x | x ∈ K}, u ∈ Sn−1, (7)
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sometimes.
The projection body of K , denoted by ΠK , is defined as the convex body whose support
function, for u ∈ Sn−1 is given by
h(ΠK,u) = voln−1(K|u⊥), (8)
where voln−1 denotes (n − 1)-dimensional volume, and K|u⊥ denotes the image of the orthog-
onal projection of K onto the codimension 1 subspace orthogonal to u.
If K is a convex body that contains the origin in its interior, we define the polar body of K ,
K∗, by
K∗ = {x ∈ Rn ∣∣ x · y  1, y ∈ K}.
Let K ∈Kn and o ∈ intK , then K∗ ∈Kn, o ∈ intK∗ and K∗∗ = K .
For every convex polytope P containing the origin in its interior, P ∗ is still a convex polytope
with the origin in its interior, and P ∗∗ = P, we call P ∗ the dual of P .
If P and Q are mutually polar n-dimensional convex polytopes in Rn, and F , G are conjugate
facets of P and Q, respectively, then
dimF + dimG = n− 1.
In particular, vertices of P are conjugate to facets of Q, and facets of P are conjugate to vertices
of Q.
If P is a convex polytope that contains the origin in its interior, and u1, . . . , uN are the outer
unit normal vectors of the facets of P , then
P =
N⋂
i=1
H−ui ,h(P,ui ).
In particular, the numbers h(P,ui), . . . , h(P,uN) determine P uniquely.
If P is an n-dimensional convex polytope in Rn, then P has at least n+ 1 facets.
If P is an origin-symmetric n-dimensional convex polytope, then P has at least 2n facets.
Let A,B ⊂ Rn be any two subsets. The sum of A and B was defined by
A+B = {a + b | a ∈ A, b ∈ B} =
⋃
a∈A
(a +B). (9)
For arbitrary subsets A,B,C of Rn, the following rules are valid (see [24, p. 126]):
(A∪B)+C = (A+C)∪ (B +C), (10)
generally, for arbitrary index set I ,
⋃
Ai +C =
⋃
(Ai +C). (11)
i∈I i∈I
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dim(A∩H) = dimA− 1. (12)
If A,B ⊂ Rn are arbitrary two convex subsets, then
conv(A∪B) =
⋃
a∈A,b∈B
[a, b], (13)
where [a, b] is closed segment with endpoint a and b (see [3, p. 18]).
For general reference the reader may wish to consult books of Gardner [6], Leichtweiß [15],
Schneider [24], Brøndsted [3] and Thompson [26].
3. The proofs of theorems
In order to prove theorems stated in the introduction, we have to establish the following eight
lemmata:
Lemma 3.1. Let P is a parallelotope in Rn, Fi (i = 1, . . . ,2n) denote (n−1)-dimensional facets
of P , x0 the symmetric center of P . If Pi (i = 1, . . . ,2n) are pyramids of the form, say the centric
pyramid of P ,
Pi = conv
(
Fi ∪ {x0}
)
.
Then all Pi have equal volumes 12nV (P ), where conv(A) denotes the convex hull of a set A ⊂ Rn.
Lemma 3.2. Let P ⊂ Rn be an origin-symmetric polytope with interior points.
(i) If F is a facet of P , then
V
(
conv
(
F ∪ {0})) 1
2n
V (P ). (14)
(ii) If for any facet F of P , the equality holds in the inequality (14) if and only if P is a paral-
lelotope centered at the origin.
Proof. (i) For any given facet F of P , there exist v ∈ Sn−1 and t > 0 such that
F ⊂ Hv,t ,
where Hv,t = {x ∈ Rn | x · v = t}. Denote ϕ(s) = voln−1(P ∩ Hv,s). By the Brunn–Minkowski
inequality ϕ1/(n−1) is a concave and even function on its support. Hence ϕ is decreasing on any
ray that starts at zero, and for any s ∈ [−t, t],
voln−1(P ∩Hv,s) voln−1(P ∩Hv,t ) = voln−1(F ).
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vol(P ) =
t∫
−t
voln−1(P ∩Hv,s) ds  2t voln−1(F ),
while vol(conv(F ∪ {0})) = t
n
voln−1(F ). This completes the proof of (i).
(ii) When P is a parallelotope, by Lemma 3.1, the conclusion is obvious.
When the equality holds in the inequality (14), this means that P has exactly 2n facets and n
pairs of unit normal vectors ±u1, . . . ,±un, which implies that P is an origin-symmetric paral-
lelotope. 
To state the following lemmata, one has to introduce some notations. Let P be an origin-
symmetric convex polytope in Rn (n  2), and u1, . . . , uN the outer normal unit vectors to the
corresponding facets F1, . . . ,FN of P , with h1, . . . , hN the corresponding distances from the
origin to the facets, and a1, . . . , aN the corresponding areas of the facets, Vi = V (conv(Fi ∪{0})).
Let L ⊂ Rn be j -dimensional subspace, the function f :L → R is defined as
f (x) = voln−j
(
P ∩ (L⊥ + x)),
then from Brunn’s concavity principle, f 1/(n−j)(x) is concave on its support. Since P is origin-
symmetric, this means that f is even function on its support, and that f is decreasing on any ray
that starts at zero.
For any convex subset K ⊂ Rn, let L be j -dimensional (1 j  n− 1) subspace of Rn, K|L
the orthogonal projection from K onto L, then K|L may be written as
K|L = L∩
( ⋃
x∈K
(
x +L⊥)), (15)
where L⊥ is the orthogonal complement of L (see [20] or [21, §13.1]).
Lemma 3.3. For any given {ui1, . . . , uij } ⊂ {u1, . . . , uN }, such that ui1 ∧ · · · ∧ uij = 0 (2 j 
n− 1), let uk be the normal vector of Fk , with ui1 ∧ · · · ∧ uij ∧ uk = 0,
L = span{ui1, . . . , uij }, f (x) = voln−j
(
P ∩ (L⊥ + x)),
σk =
(
conv
(
Fk ∪ {0}
))∣∣
L
, At =
((
u⊥k + tuk
)∣∣
L
)∩ σk (0 t  hk).
If
ϕ(t) = 1
volj−1(At )
∫
At
f (x) dx, ϕ(0) = f (0),
then ϕ(t) is decreasing function on its support.
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For any t ∈ [0, hk] = [0,1], and any x = (x1, . . . , xj ) ∈ At, if the ray ox meets with Ahk = A1
at y = (y1, . . . , yj ), namely λ[0, x] ∩Ahk = {y} (λ > 1), then x = ty. Noting that
volj−1(At )
volj−1(A1)
= tj−1,
we have
ϕ(t) = 1
volj−1(At )
∫
At
f (x1, . . . , xj ) dx2 · · ·dxj
= 1
volj−1(At )
∫
A1
f (t, ty2, . . . , tyj )t
j−1 dy2 · · ·dyj
= 1
tj−1volj−1(A1)
∫
A1
f (t, ty2, . . . , tyj )t
j−1 dy2 · · ·dyj
= 1
volj−1(A1)
∫
A1
f (t, ty2, . . . , tyj ) dy2 · · ·dyj .
Since for any t1, t2 ∈ [0, hk] = [0,1], t1 < t2, t1(1, y2, . . . , yj ), t2(1, y2, . . . , yj ) lie on the same
ray oy, therefore
f (t1, t1y2, . . . , t1yj ) f (t2, t2y2, . . . , t2yj ),
this shows immediately that ϕ(t1) ϕ(t2). 
Lemma 3.4. For any given {ui1, . . . , uij } ⊂ {u1, . . . , uN }, such that ui1 ∧ · · · ∧ uij = 0 (2 j 
n− 1), let L = span{ui1, . . . , uij }, f (x) = voln−j (P ∩ (L⊥ + x)). If the normal vectors uk of Fk
satisfy ui1 ∧ · · · ∧ uij ∧ uk = 0, and
mk = 1
volj−1(Fk|L)
∫
Fk |L
f (x) dx,
Mk = 1
volj (σk)
∫
σk
f (x) dx,
then
mk Mk  f (0), (16)
and mk = Mk if and only if for any x ∈ σk , f (x) = f (0), where σk = (conv(Fk ∪ {0}))|L.
80 B. He et al. / Advances in Mathematics 207 (2006) 73–90Proof. We first show that the inequality (16) is valid.
Put At = ((u⊥k + tuk)|L)∩ σk (0 t  hk),
ϕ(t) = 1
volj−1(At )
∫
At
f (x) dx, ϕ(0) = f (0),
obviously, Ahk = Fk|L,A0 = {0}, and mk = ϕ(hk).
Since f is decreasing on any ray that starts at zero, by Lemma 3.3, ϕ(t) is decreasing function
on its support.
Hence
Mk = 1
volj (σk)
∫
σk
f (x) dx = 1
volj (σk)
hk∫
0
dt
∫
At
f (x) dx = 1
volj (σk)
hk∫
0
volj−1(At )ϕ(t) dt
 ϕ(hk)
1
volj (σk)
hk∫
0
volj−1(At ) dt = ϕ(hk) = mk, (17)
and
Mk = 1
volj (σk)
∫
σk
f (x) dx = 1
volj (σk)
hk∫
0
dt
∫
At
f (x) dx = 1
volj (σk)
hk∫
0
volj−1(At )ϕ(t) dt
 ϕ(0)
volj (σk)
hk∫
0
volj−1(At ) dt = ϕ(0) = f (0). (18)
This completes the proof of the inequality (16).
Next, we discuss the equality conditions. When f (x) = f (0), the conclusion is obvious. In
the following, we prove that if mk = Mk, then f (x) = f (0),∀x ∈ σk. First, noting that mk = Mk
implies mk = f (0). Indeed, for ∀t ∈ [0, hk], from (17) we have
hk∫
0
volj−1(At )
(
ϕ(t)− ϕ(hk)
)
dt = 0,
since ∀t ∈ (0, hk], volj−1(At ) > 0, ϕ(t)− ϕ(hk) 0, thus
ϕ(t) = ϕ(hk),
by the continuity of ϕ(t), let t → 0+,
ϕ(0) = ϕ(hk),
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mk = ϕ(hk) = ϕ(0) = f (0).
Suppose that there exists x0 ∈ σk such that f (x0) < f (0), let the ray ox0 meet Ahk at y0,
namely λ[0, x0] ∩Ahk = {y0} (λ > 1), since f is decreasing on any ray that starts at zero, then
f (y0) f (x0) < f (0).
From the facts of the mean mk = f (0) of f (x) on Ahk and the continuity of f (x), there must
exists y ∈ Ahk such that f (y) > f (0). On the other hand, f is decreasing on the ray oy(⊂ σk),
this is a contradiction, hence the proof of Lemma 3.4 is completed immediately. 
Lemma 3.5. If Fs,Ft are any two (n − 1)-dimensional facets of the convex polytope P which
contains the origin in its interior, then
conv
(
(Fs ∩ Ft )∪ {0}
)= (conv(Fs ∪ {0}))∩ (conv(Ft ∪ {0})), (19)
where conv(A) denotes the convex hull of a set A ⊂ Rn.
Proof. From (13), we have
conv
(
(Fs ∩ Ft)∪ {0}
)= ⋃
x∈Fs∩Ft
[0, x],
hence the equality (19) may be written as
⋃
x∈Fs∩Ft
[0, x] =
( ⋃
x∈Fs
[0, x]
)
∩
( ⋃
y∈Ft
[0, y]
)
. (20)
(i) If Fs ∩ Ft = ∅, ∀z ∈⋃x∈Fs∩Ft [0, x], this means that there exists x0 ∈ Fs ∩ Ft , such that
z ∈ [0, x0], let y = x0, then
⋃
x∈Fs∩Ft
[0, x] ⊆
( ⋃
x∈Fs
[0, x]
)
∩
( ⋃
y∈Ft
[0, y]
)
.
Vice versa, ∀z ∈ (⋃x∈Fs [0, x]) ∩ (⋃y∈Ft [0, y]), if z = 0, then the conclusion is obvious.
Now, we suppose that z = 0, then there exists x0 ∈ Fs, y0 ∈ Ft , such that
z ∈ [0, x0] ∩ [0, y0].
If x0 = y0, it is obvious that z ∈ [0, x0] = [0, y0] ⊂⋃x∈Fs∩Ft [0, x].
If x0 = y0, since z = 0, without loss of generality, we may assume that x0 = λy0 (0 < λ< 1),
which implies [0, x0] ⊂ [0, y0], this is a contradiction to a single point, which the intersection of
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x0 = y0, that is ( ⋃
x∈Fs
[0, x]
)
∩
( ⋃
y∈Ft
[0, y]
)
⊆
⋃
x∈Fs∩Ft
[0, x].
(ii) If Fs ∩ Ft = ∅, since Fs,Ft are the exposed facets of P and the origin o ∈ intP, hence
the intersection of an arbitrary ray starting origin o with the surface of P is a single point, which
implies
( ⋃
x∈Fs
[0, x]
)
∩
( ⋃
y∈Ft
[0, y]
)
= {0} = conv((Fs ∩ Ft)∪ {0}). 
Lemma 3.6. Let Fk and L be the same as the definition in Lemma 3.3, then for k = s, t (s = t)
dim(Fs |L ∩ Ft |L) j − 2. (21)
Proof. Let
Fs ⊂ Hs =
{
x ∈ Rn ∣∣ x · us = hs},
Ft ⊂ Ht =
{
x ∈ Rn ∣∣ x · ut = ht}.
Then ∀x ∈ Hk, we have x +L⊥ ⊂ Hk (k = s, t).
In fact, ∀z ∈ x +L⊥, let
z = x + y with x ∈ Hk, y ∈ L⊥,
since uk ∈ L, we obtain
z · uk = (x + y) · uk = x · uk + y · uk = hk + 0 = hk.
Hence
(Fs |L)∩ (Ft |L) ⊂ (Hs |L)∩ (Ht |L)
=
(
L∩
( ⋃
x∈Hs
(
x +L⊥)))∩(L∩( ⋃
x∈Ht
(
x +L⊥)))
= L∩
( ⋃
x∈Hs
(
x +L⊥))∩( ⋃
x∈Ht
(
x +L⊥))
⊆ L∩
( ⋃
x∈Hs
Hs
)
∩
( ⋃
x∈Ht
Ht
)
= L∩Hs ∩Ht .
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dim(Fs |L ∩ Ft |L) dim
(
(L∩Hs)∩Ht
)
 (j − 1)− 1 = j − 2. 
Lemma 3.7. Let Fk and L be the same as the definition in Lemma 3.3, then for k = s, t (s = t)
volj
((
conv
(
Fs ∪ {0}
))∣∣
L
∩ (conv(Ft ∪ {0}))∣∣L)= 0. (22)
Proof. For k = s, t, we first prove that(
conv
(
Fk ∪ {0}
))∣∣
L
= conv(Fk|L ∪ {0}|L). (23)
Indeed, since Fk is convex, from (13), (15), (9) and (11), we have
(
conv
(
Fk ∪ {0}
))∣∣
L
=
( ⋃
y∈Fk
[0, y]
)∣∣∣
L
= L∩
( ⋃
x∈⋃y∈Fk [0,y]
(
x +L⊥))
= L∩
( ⋃
y∈Fk
[0, y] +L⊥
)
= L∩
( ⋃
y∈Fk
([0, y] +L⊥))
= L∩
( ⋃
y∈Fk
( ⋃
x∈[0,y]
(
x +L⊥)))= ⋃
y∈Fk
(
L∩
⋃
x∈[0,y]
(
x +L⊥))
=
⋃
y∈Fk
[0, y]|L. (24)
Noting that for any convex subsets A,B ⊂ Rn,
(A∪B)|L = A|L ∪B|L,
and
conv
((
Fk ∪ {0}
)∣∣
L
)= conv(Fk|L ∪ {0}|L)= ⋃
x∈Fk |L
[0, x]. (25)
From (24) and (25), we obtain that (23) holds if and only if⋃
y∈Fk
[0, y]|L =
⋃
x∈Fk |L
[0, x]. (26)
In fact, ∀z ∈⋃y∈Fk [0, y]|L, then there exists y0 ∈ Fk such that z ∈ [0, y0]|L = [0, {y0}|L], let
x0 = {y0}|L ∈ Fk|L, hence z ∈ [0, x0] ⊂⋃x∈Fk |L [0, x].
Vice versa, ∀z ∈⋃x∈Fk |L [0, x], then there exists x0 ∈ Fk|L such that z ∈ [0, x0], hence we
may choose y0 ∈ π−1(x0) ⊂ Fk (where π−1(x) = {y ∈ Fk | {y}|L = x}) such that
z ∈ [0, x0] =
[
0, {y0}|L
]= [0, y0]|L,
that is
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⋃
y∈Fk
[0, y]|L.
Since P |L is a j -dimensional origin-symmetric polytope, and the projection Fk|L of facet Fk of
P with ui1 ∧· · ·∧uij ∧uk = 0 is the (j −1)-facet of P |L. Applying Lemma 3.5 to P |L, we have
conv
(
(Fs |L ∩ Ft |L)∪ {0}|L
)= (conv(Fs |L ∪ {0}|L))∩ (conv(Ft |L ∪ {0}|L)),
and from Lemma 3.6 and 0 /∈ Fs |L ∩ Ft |L, we get
dim
(
conv
(
(Fs |L ∩ Ft |L)∪ {0}|L
))
 j − 1.
Applying Lemma 3.5 to P |L, we obtain
dim
((
conv
(
Fs |L ∪ {0}|L
))∩ (conv(Ft |L ∪ {0}|L))) j − 1.
According to (23), it is clearly that
volj
((
conv
(
Fs ∪ {0}
))∣∣
L
∩ (conv(Ft ∪ {0}))∣∣L)= 0. 
Lemma 3.8. Let P be an origin-symmetric convex polytope in Rn (n  2), and u1, . . . , uN
the outer normal unit vectors to the corresponding facets F1, . . . ,FN of P , for any given
{ui1, . . . , uij } ⊂ {u1, . . . , uN }, denote
Vi = V
(
conv
(
Fi ∪ {0}
))
.
(i) If ui1 ∧ · · · ∧ uij = 0 (1 j  n), then
∑
ui1∧···∧uij ∧uk=0
Vk 
j
n
V (P ). (27)
(ii) If P is a parallelotope centered at the origin, then for any 1 j  n,
∑
ui1∧···∧uij ∧uk=0
Vk = j
n
V (P ).
(iii) If for j = 1, or j = n − 1, the equality holds in the inequality (27) for all {ui1, . . . , uij },
then P is a parallelotope centered at the origin.
Proof. (i) Noting that when j = 1, since∑
ui1∧uk=0
Vk = Vi1 + Vi1,
by Lemma 3.2, we have ∑
ui ∧uk=0
Vk 
1
n
V (P );1
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ui1 ∧ · · · ∧ uin ∧ uk = 0,
therefore ∑
ui1∧···∧uin∧uk=0
Vk = V (P ).
The following we want to prove that the inequality (27) is true when 2 j  n− 1.
Let L be the subspace spanned by {ui1, . . . , uij },L⊥ be the codimension j subspace orthogo-
nal to L,P |L denote the image of the orthogonal projection of P on subspace L, obviously, we
have ⋃
ui1∧···∧uij ∧us=0
(
conv
(
Fs ∪ {0}
))∣∣
L
⊆ P |L. (28)
Let I = P ∩ L⊥ (noting that when dimL = n − 1, I = [− 12f (0), 12f (0)] is an origin-
symmetric segment orthogonal to L), by the convexity of P , we have
⋃
ui1∧···∧uij ∧uk=0
conv(Fk ∪ I ) ⊆ P.
For each k, by integral intermediate-value theorem,
ak = voln−1(Fk) =
∫
Fk |L
f (x) dx = volj−1(Fk|L) ·mk, (29)
where
mk = 1
volj−1(Fk|L)
∫
Fk |L
f (x) dx.
Put
S|L = P |L
∖( ⋃
ui1∧···∧uij ∧us=0
(
conv
(
Fs ∪ {0}
))∣∣
L
)
, (30)
without loss of generality, we may assume that {u1, . . . , ur} ⊂ {u1, . . . , uN } satisfy
ui1 ∧ · · · ∧ uij ∧ ur = 0, 2j  r N − 2.
Then for any us,ut ∈ {u1, . . . , ur}, by Lemma 3.7, we have
volj
((
conv
(
Fs ∪ {0}
))∣∣ ∩ (conv(Ft ∪ {0}))∣∣ )= 0. (31)L L
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V (P ) =
∫
P |L
f (x) dx =
r∑
k=1
∫
σk
f (x) dx +
∫
S|L
f (x) dx
=
r∑
k=1
volj (σk)Mk +
∫
S|L
f (x) dx, (32)
where σk = (conv(Fk ∪ {0}))|L,
Mk = 1
volj (σk)
∫
σk
f (x) dx.
Therefore, by Lemma 3.4 together with (29) and (32), we have
∑
ui1∧···∧uij ∧uk=0
Vk = 1
n
∑
ui1∧···∧uij ∧uk=0
akhk = 1
n
r∑
k=1
akhk
= 1
n
r∑
k=1
volj−1(Fk|L) ·mkhk = j
n
r∑
k=1
(
1
j
volj−1(Fk|L)hk
)
mk
= j
n
r∑
k=1
volj
((
conv
(
Fk ∪ {0}
))∣∣
L
)
mk
 j
n
(
r∑
k=1
volj (σk)Mk +
∫
S|L
f (x) dx
)
= j
n
V (P ). (33)
(ii) When P is a parallelotope, by Lemmas 3.1 and 3.2, we have
N = 2n, Vk = 12nV (p), k = 1, . . . ,2n,
since for given any ui1 ∧ · · · ∧ uij = 0 (1 j  n− 1), ui1 ∧ · · · ∧ uij ∧ uk = 0 if and only if
uk = ±uir , r = 1, . . . , j,
thus
∑
ui ∧···∧ui ∧uk=0
Vk =
∑
ui ∧···∧ui ∧uk=0
1
2n
V (P ) = 1
2n
V (P )2j = j
n
V (P ).1 j 1 j
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∑
ui1∧uk=0
Vk = Vi1 + Vi1 =
1
n
V (P ),
put s = i1, we have
Vs = 12nV (P ), s = 1, . . . ,N,
this means that P has exactly 2n facets and ±u1, . . . ,±un are its unit normal vectors, which
implies that P is an origin-symmetric parallelotope.
When j = n− 1, the equality holds in the inequality (27), we shall aim to get a contradiction
by showing that if P is not an origin-symmetric parallelotope.
In fact, suppose that P is not an origin-symmetric parallelotope, then there must exist
{±ui1, . . . ,±uin−1} ⊂ {u1, . . . , uN },
{±uj1, . . . ,±ujs } ⊂ {u1, . . . , uN }\{±ui1, . . . ,±uin−1}, s > 1,
such that
ui1 ∧ · · · ∧ uin−1 = 0,
and ui1, . . . , uin−1 ∈ Sn−1 lie in a great subsphere of Sn−1, and ±uj1 , . . . ,±ujs ∈ Sn−1 do not lie
in it. Then we can choose appropriately the standard orthogonal coordinate system {0; e1, . . . , en}
such that
span{ui1, . . . , uin−1} = span{e1, . . . , en−1},
and
0 arccos(ujk · en) <
π
2
(k = 1, . . . , s), (34)
this means that there exist at least normal vectors of two facets of P satisfied the inequality (34),
or equivalently, for ∀u ∈ Sn−1 and ∀α ∈ R,
P = H−−u,α ∩
(
π−1(P |L)
)∩H−u,α,
where
H−u,α =
{
x ∈ Rn ∣∣ x · u α}, π−1(x) = {y ∈ Rn ∣∣ y|L = x},
and
L = span{ui1, . . . , uin−1} = span{e1, . . . , en−1}.
Therefore, the convexity of P implies that f (x) = voln−1(P ∩ (L⊥ +x)) is not constant on P |L.
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∑
ui1∧···∧uin−1∧uk=0
Vk = n− 1
n
V (P ), (35)
if and only if
mk = Mk and
∫
S|L
f (x) dx = 0, (36)
by Lemma 3.4 and (30), (36) is equivalent to for each x ∈ P |F ,
f (x) = f (0),
and ⋃
ui1∧···∧uin−1∧uk=0
(
conv
(
Fk ∪ {0}
)∣∣
L
)= P |L,
this is a contradiction that shows that P is an origin-symmetric parallelotope. 
Proof of Theorem 1.1. Put Vi = 1naihi , V = V (P ), by the definition of U(P ) and Lemma 3.8,
we have
U(P )n =
∑
ui1∧···∧uin =0
Vi1 · · ·Vin
=
∑
ui1∧···∧uin−1 =0
Vi1 · · ·Vin−1
(
V −
∑
ui1∧···∧uin−1∧uk=0
Vk
)

∑
ui1∧···∧uin−1 =0
Vi1 · · ·Vin−1
(
V − n− 1
n
V
)
= 1
n
V
∑
ui1∧···∧uin−1 =0
Vi1 · · ·Vin−1
= 1
n
V
∑
ui1∧···∧uin−2 =0
Vi1 · · ·Vin−2
(
V −
∑
ui1∧···∧uin−2∧uk=0
Vk
)
 1
n
V
∑
ui1∧···∧uin−2 =0
Vi1 · · ·Vin−2
(
V − n− 2
n
V
)
= 2!
n2
V 2
∑
ui1∧···∧uin−2 =0
Vi1 · · ·Vin−2
...
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nn−2
V n−2
∑
ui1∧ui2 =0
Vi1Vi2
= (n− 2)!
nn−2
V n−2
∑
ui1 =0
Vi1
(
V −
∑
ui1∧uk=0
Vk
)
 (n− 1)!
nn−1
V n−1
∑
ui1 =0
Vi1
= n!
nn
V n,
that is
U(P ) (n!)
1/n
n
V (P ).
The equality condition follows from the case j = 1 of Lemma 3.8(iii). 
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